Abstract. J. Browkin defined in his recent paper (Math. Comp.
Introduction
In August 2002, M. Agrawal, N. Kayal and N. Saxena [1] presented a deterministic polynomial time primality proof algorithm. This was a theoretical breakthrough, but was pointed out by Günter M. Ziegler [18] that, "it is not yet suitable for use in practice". A. Stiglic [13] pointed out that the Rabin-Miller test [8, 12] is probably the primality test the most used in practice.
Let n > 1 be an odd integer and let b 1 , . . . , b k be some reduced residues modulo n. If n is composite and the congruence (The original test of Miller [8] was somewhat more complicated and was a deterministic, ERH-based test; see [6, Section 3.4] .) The definition of strong pseudoprimes is based on the fact that in a finite field the equation X 2 = 1 has at most two solutions, 1 and −1. Browkin [5] defined more general pseudoprimes using the fact that, in a finite field, the equation X r = 1 has at most r solutions for every r ≥ 2. Let p be a prime such that n − 1 = p r m with r > 0 and p m, and let
The following conditions hold if n is a prime.
(1 ) a
. . , a k belong to the group generated by a 1 .
(3 ) If, say, ord(c 1 ) ≥ ord(c j ), for 1 ≤ j ≤ k, then c 2 , . . . , c k belong to the group generated by c 1 .
if n satisfies (1 ), (2 ) and (4 ); and to be an elementary Abelian p-pseudoprime to bases
if n satisfies (1 ), (3 ) and (4 ) . Note that
Browkin [5] gave examples of strong pseudoprimes to many bases which are not Sylow p-pseudoprime to two bases only, where p = 2 or 3. More precisely, in [5, § §4-5] he checked the numbers ψ m for 2 ≤ m ≤ 8 and upper bounds of ψ 9 , ψ 10 and ψ 11 given in [7] and found that every number of which does not belong to some Syl p -psp(b 1 , b 2 ) for p = 2 or 3 and b 1 , b 2 ∈ {2, 3, 5}, where ψ m is the smallest strong pseudoprime to all the first m prime bases [11] . In [5, §5] he then verified that for every number n (with one exception) in [7, In this paper, in contrast to Browkin's examples, we give facts and examples which are unfavorable for Browkin's observation to detect compositeness of odd composite numbers. In Section 2, we tabulate and compare counts of numbers in several sets of pseudoprimes and find that most strong pseudoprimes are also Sylow 2-pseudoprimes to the same bases. In Section 3, we give examples of Sylow p-pseudoprimes to the first several prime bases for the first several primes p. We especially give an example of strong pseudoprime to the first six prime bases, which is a Sylow p-pseudoprime to the same bases for all p ∈ {2, 3, 5, 7, 11, 13}. In Section 4, we define n to be a k-fold Carmichael Sylow pseudoprime, if it is a Sylow ppseudoprime to all bases prime to n for all the first k smallest odd prime factors p of n − 1. We find and tabulate all three 3-fold Carmichael Sylow pseudoprimes < 10
16 . In Section 5, we define a positive odd composite n to be a Sylow uniform pseudoprime to bases
is the number of distinct prime factors of n−1. We find and tabulate all the 17 Syl-upsp(2, 3, 5)'s < 10 16 and some Syl-upsp(2, 3, 5, 7, 11)'s < 10 24 . Comparisons of effectiveness of Browkin's observation with Miller tests to detect compositeness of odd composite numbers are given in Section 6.
Sylow 2-pseudoprimes
Let S be a set of some odd composites and let b j be the jth prime. Define
Let S 1 be the set of 264239 psp(2)'s < 10 13 [10], let S 2 be the set of 246683 Carmichael numbers < 10 16 [9] , and let S 3 be the set of 52593 spsp(2, 3)'s < 10 16 Table 1 we also see that most strong pseudoprimes are also Sylow 2-pseudoprimes to the same bases.
Sylow p-pseudoprimes to several bases for several p
We have checked all the 52593 spsp(2, 3)'s < 10 16 given by Bleichenbacher [3] (also available in the package of [4] ). In contrast to Browkin's observation [5, §5] on all the 101 strong pseudoprimes n < 10 12 to bases 2, 3 and 5, we find all 43 numbers < 10
16 which are Syl p -psp(2, 3, 5)'s for all p ∈ {2, 3, 5}. Two of the 43 numbers are Syl p -psp(2, 3, 5, 7)'s for all p ∈ {2, 3, 5} listed in Table 2 , and another two of the 43 numbers are Syl p -psp(2, 3, 5)'s for all p ∈ {2, 3, 5, 7, 11} listed in Table 3 .
We have also checked all the 44134 K3-spsp(2, 3, 5, 7, 11)'s < 10 24 obtained in our obvious paper [14] and all 330670 K3-spsp(2, 3, 5, 7, 11, 13)'s < 10 28 computed recently by us. (We call n = p · q a Kk-number [14] , if both p and q are primes with q − 1 = k(p − 1). A Kk-spsp is a Kk-number and an spsp.) We find a 24-digit number N 1 ∈ Syl p -psp(2, 3, 5, 7, 11) for all p ∈ {2, 3, 5, 7, 11}, and a 27-digit number N 2 ∈ Syl p -psp(2, 3, 5, 7, 11, 13) for all p ∈ {2, 3, 5, 7, 11, 13}; see Examples 3.1 and 3.2 below. 
and b (2, 3, 5, 7, 11) . Next one can easily verify that, for all p ∈ B, Conditions (2 ) and (4 ) hold for k = 5. So, we have N 1 ∈ Syl p -psp(2, 3, 5, 7, 11) for all p ∈ B. 
It is easy to verify that N 2 ∈ Syl p -psp(2, 3, 5, 7, 11, 13) for all p ∈ {2, 3, 5, 7, 11, 13}. 
Carmichael Sylow p-pseudoprimes for odd p
There are positive odd numbers n such that some of the first several smallest odd primes (3, 5, 7 , . . .) do not divide n − 1. To make Browkin's observation applicable to these numbers, one may consider the first several smallest odd prime factors p of n − 1. Unfortunately, there exist Sylow p-pseudoprimes n to all bases prime to n for all the first several smallest odd prime factors p of n − 1. 
. . q s be a Carmichael number, and let p be an odd prime such that
, n is a Sylow p-pseudoprime to all bases prime to n.
Since n is a Carmichael number, Condition (1 ) holds for all b j . Since p q j − 1, we have q j − 1 | m, thus a j = c j = 1 for 1 ≤ j ≤ k, i.e., Conditions (2 ) and (4 ) hold trivially for the set of b j . Definition 4.1. Let n be a Carmichael number, and let p be an odd prime such that p |n−1. We call n a Carmichael Sylow p-pseudoprime if it is a Sylow p-pseudoprime to all bases prime to n. We call n a k-fold Carmichael Sylow pseudoprime if it is a Carmichael Sylow p-pseudoprime for all the first k smallest odd prime factors p of n − 1. 4 · 3 · 7 · 829. It is easy to check that n is the smallest Carmichael Sylow 3-pseudoprime. It is also a Carmichael Sylow 829-pseudoprime. But n is not a Carmichael Sylow 7-pseudoprime, since we have at least n ∈ Syl 7 -spsp(2). So, n is a 1-fold (but not a 2-fold) Carmichael Sylow pseudoprime.
Let p be an odd prime, and let p j be the jth prime. Define f 1 (p) = # n : n is a Carmichael number < 10 16 with p|n − 1 and f 2 (p) = # n : n is a Carmichael Sylow p-pseudoprime < 10 16 . Table 5 . List of all 3-fold Carmichael Sylow pseudoprimes < 10
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After checking all the 246683 Carmichael numbers < 10 16 computed by Pinch [9] , we obtain values of the functions f 1 (p j ) and f 2 (p j ) listed in Table 4 .
We also find all 566 numbers which are 1-fold Carmichael Sylow pseudoprimes < 10
16 . Twenty-three of the 566 numbers are 2-fold Carmichael Sylow pseudoprimes; three of the 23 numbers, listed in Table 5 , are 3-fold Carmichael Sylow pseudoprimes, where the set
Remark 4.1. It is clear that Browkin's observation with p odd is not suitable for detecting compositeness of k-fold Carmichael Sylow pseudoprimes. Alford, Granville and Pomerance [2] have proved that there are infinitely many Carmichael numbers. Table 5 suggests that, for any k ≥ 1, there would exist (infinitely many) k-fold Carmichael Sylow pseudoprimes.
Sylow uniform pseudoprimes
In this section, we will exhibit examples n which are Sylow p-pseudoprimes to the first k prime bases for almost all prime divisors p of n − 1. We have checked all the 52593 spsp(2, 3)'s < 10 16 and found all the 17 Sylupsp(2, 3, 5)'s < 10 16 listed in Table 6 . We have also checked all the 44134 K3-spsp(2, 3, 5, 7, 11)'s < 10 24 and found seven Syl-upsp(2, 3, 5, 7, 11)'s n < 10 24 listed in Table 7 , where d = ω(n − 1) − 1 and n = q 1 · q 2 with q 2 − 1 = 3(q 1 − 1).
Remark 5.1. Tables 6 and 7 suggest that, for any k ≥ 1, there would exist (infinitely many) Sylow uniform pseudoprimes to the first k prime bases. However, it is not easy to check whether n is a Sylow uniform pseudoprime when n is large, since it is not an easy task to find the complete factorization of n − 1 for large n. Then
Since N ∈ spsp (2, 3, 5) but N ∈ spsp(7), we have T 1 (N ) = 4. Since N ∈ Syl p -psp(2, 3, 5) for all p ∈ {2, 3, 5, 11, 29, 41} and N ∈ Syl 41 -psp(2), but N ∈ Syl 41 -psp(2, 3), we have T 2 (N ) = 20. Now suppose Alice uses Miller tests (1.2) (Procedure A) and Bob uses Browkin's observation (Procedure B) to detect the compositeness of an odd positive composite number n, although Procedure B is not explicitly given in [5] . Procedure A; {Input an odd positive composite number n, output
Procedure B; {Input an odd positive composite number n; output T 2 (n) and a message if it fails on detecting the compositeness of n} Begin Using trial division to find all prime factors less than, say 1000, of n − 1: 2 = p 1 < p 2 < . . . < p r < 1000; j ← 0; T 2 (n) ← 0; Repeat j ← j + 1; k ← 0; repeat k ← k + 1; T 2 (n) ← T 2 (n) + 1; If (1.4) does not hold for p = p j Then begin Output T 2 (n), p j and b k ; exit end until k = 3 Until j = r; Output the message "The procedure fails on detecting the compositeness of n," "since n ∈ Syl p (2, 3, 5) for all prime factors p < 1000 of n − 1," "increase the number of bases and try once again" End.
Remark 6.1. Then p is small, the arithmetic labor for checking (1.4) is almost the same as (in fact a little more than) that for doing k Miller tests, since it is dominated by the number of computations of (1.3). So, if T 1 (n) = T 2 (n), then one may take into account that both Procedures A and B terminate at the same time.
Let S be a set of some odd composites, and let g be an integer. Define ∆(S, g) = #{n ∈ S : T 2 (n) − T 1 (n) = g}, F (S) = #{n ∈ S : Procedure B fails on detecting the compositeness of n}, and for i = 1 and 2, define T i (S) = n∈S T i (n).
Let S 1 be the set of all spsp(2, 3, 5)'s < 10 12 , and let S 2 be the set of all spsp(2, 3, 5)'s < 10
16 . The values of T i (S j ), F (S j ) and ∆(S j , g) are listed in Table 8 .
